
 Motih
Recall that let E cpx ori.conomologytyn

specemmE.EIGPI EIXD sEIX.gl E GP x GP 四

fg.l.f.glassemble into formalgps F R can be written as

n F x F x n l f x l X F In 17FX

o F X 0

Tke n p prime we have p F X If Vi E R s.t

p F x pxtFUixltF.it F Unx t F

Tn F is ptypical Special case is the Honda fg.li
noverFpnwlEpJinxxP Another special example is the Lubin

Ttefg.l.rhi.hnseries is given hy Ip7LT x px F xP

Note that for FE AlgFi F has ht n if Ip F x glx1 g101 0

ht Fa ns.htFm 1

Note that the Luhin Tu theory concerns w the universal deformation

Namely It 1ˢᵗunder deformation A of k the f.gl F over R

R Wplh vi Un.i n
htF.indncesanhijeitionHomkCR.AT

DefIA

This fg.l.inplies ring homphismMU.pe Ehpi R and in fact

Uo p Ui V2 Unni are regular lie Un RIIp.n

YIp.ninj.Ip.inp.v Until and Ui api_ for pMuxx IP.uakxk
F is Landweber exact By LEFT X ⼼ MUYXI Mut R



gives a cohomlgyelynep.ly Einl which is even periodin

在EMI Em 1 1 R β

The Morava stabilization gp 6 acts on TxEml Now 6 is

defined io he AntiFn IFI Fn f.gl of hen on In and

Mfg Spe.IT 6 gives a stratification on Mfg
modulistack of formal gps Mfg CRing

Gpd.RHIFGLRI.isos It satisfies

0 AntFn 6 Galli Fi I o

Pnoh
1 Can the action of 6 on 丌 Elm be lifted to ones on Emi

2 Does Eun possess some nice structure leg An En

31 Any other thing you can say abunt the functor Ii F HECK.FI

T Goerss Hopkins BIG moduli
spaceof En ring that is
equive.LnhinTtetheoyEsli.FI as htpy assoc rigs

Essentially Goers Hopkins functor f.gl k Es niy
Hopkins Miller functor An ning



Goers_ Hopkins Obstruction Theory

⼝ Try to solve When Es ring R s E R A in E E

couhal.gsgiven A E E comodule ag ExE flat 区 E htpg comm

ring spectrum

⽹ Modern approach refer to abstruct Goes Hopkins ohstmtion 的 Pstragowskiand

VanKonghnett 2019 uses synthetic spectra I know nothing about them

Recall Banratt Eales operad E is an example of E.soperad.E.nlEIn universal principle bundle for In
⼦ ECKI x E ji x ⼀⼀ x E jk
ECjlinduedlyIKXIjiy.inx Ijn ⼀ Ej

Given X E Sp free En ring spentmn ELXI has htpy typeof
Vn o EIn1 1In X

Issues

T compute E EX1 need to know 区BIn need to know

E Dev Lashof operations

Want to realize A in E alg over E E comodule as En ring

we may not want a lyer Lashofagstr.cn A since A is ong

assumed to be no more than commutative



Solution resolve En operad y simplicial operad that yields thedesired

flexihilitgand.liiiiitn ii ui.in i in
Strategy moduli approach Let F E O catof operands in sSet

A E F alg in 区E comodule Buth F A assoc comm

EIAl cat of F algspRs.e.EREAasEFalgs.mur E iso

Define TMCA BELAl To study whether this is nonempty

是 We need E to satisfy the Adams condition to ensure that the

clothomology over E has

knnethSS.EikfiqTrpEYEHXI.LY1 区 xn YI

Adams conditions

E E howlin Ea Ea finite cellular s.t

17 E DEα pnj Ex module

2 H M E module spectrum DEα M HomE E DEal M

iso

e.g.SI His MO.MU any Landweber exact theong.inpartin

Lnbin
Ttetheong.non
eg.AE



I TMLA hard but TMn IAI is NOT

First resolve F that yields the flexibility and possibility of conpntg
区 ⼀ homology of free dj
正 simplicial openal T F s.t

11 T Reedy cofibrane ie levelwise cfihrant

21 H n 0 q 0 ToTnlql is a free Iq set

3 IT I F 多 augmentation is we

41 If E FcqipnjEx modnle.ltq then

E T is cofihrantassiy.licialoperad.in 区 module

and E T E F w.e.in this cat

Technical Part model str on ssp can he lifted to the cat sAlgT
Sketch Let P minimal collection of spectra st

1 E P

2 DEα E P

3 P closed under I Ʃ V

47 HPEP.ME module I P M HomE 区P 11

Use these bricks to build cofihrant resolution replacement

P we T P X 丌 IP Y了 iso.lt P

P fib
fih.HP.wsmodel str on ssp



To life to model stronsAlgi.us e the SS
Ts t X P Ts ItP X Estt P IX 1

and map of Ss

T.tl X i P Ist P IX 1

Ts.tl Yo P Ist P IY 1

P w.e.X Y.gi.es rise to iso of Ez pages we.in sAlg

similar for others

If XESAlg.is potential n stage if 1 0 n is

Ti E X f
A i o

1
0 1 i ntl

i n 2

点in ii
xno.inTMnAI modnlispaceofallXEsAlgT which are potential n stage

Pm TMn A TMmlAl O men is

I 1 1 TMuiAI sTMCAlw.ee and

TM.CA holimTMn Al w.e

Now there's a tower



TMu A

i

TMnCAI

TMn.CA

i

TM.CAI

TMoLAISep2
nhe.info of TMoCAI and get n stage from n_n stage then

the result follows

For TMoA

正 AntA antonphismofExF algAinEE comoduleswldisc.ve

top

Then TMoCA E BAntA we

From TM.nl to TMn n I



正 hpy pullback

TMn A B Aut A 2A

e

TMni Al 7 2 A 2 Al

fiby if IA 2 Al where 79m A 2 Al is a space

s.to7T21A 2 AI DĚII E E A 2 A where

D Andú Quillen cohomology

Obstructions to existence of realization of A by Fay live in
D器区E A 2 A

Obstructions to uniqueness live in D器AtA 2

Application to Luhin Tte

We've been told that Luhin TtetheongECk.FI satisfies the Adams

condition Let E E k Fil Here's the corollay of Goers_Hopkin
obstruction theory

Cor TMIExE E BAt k F l BIG In particular E has a

unique Es str realizing E E as a comm Ex alginExE

conhlesketchofpfmn
nn.tlThe obstructions to existence uniqueness live in

DĚTIEE E E 2 区E Hn



So it suffices to show this is 0 Tsi.plif this use the

fact

1⼆ 呓 E E ⼀ E E E M E Dㄜㄑ M

for C simplicial opevad in 区E comodule

M A module in 区⼀module

A ToC alg in E E comodule

闸

D奁TIEE E E 2 区E E DET E E 2 区

Recall that AQ homology is

D A M H 1 HomA LAlk M

So DĚT E E 2 区1 D䒰T E E E n

EEE LEEEx E 1
Filter Ex ly powers of its maximl ideal m 1p.vn vn.nl

SS computing Extt LE E E E w Ez term

Ex前m LE E E Et Exlm.mem9tl

SuficetoshowLE

E E 姦 区 m E LIEE m E1m

E E E LIEE m Eolm
E o by flat basechange

区E flat
Now since Eolm k perfect EoElm Homa G k



le cotangent cpxofanywphismbetweenperfeeeFp

agsvanishes.pf.irFnohendomphisn.r.EE m EoE

mItisactuayanantonphisn since k perfect

LIEUElm Eolm RQ.llE.im Q.EE

mforQiEoE mcofibsinplicialresohtion

But now

5 LIEElm Eolm LIEElm Eolm

otidx dotxl dx px dx o since working in

char p
Hence obstructions vanish TM E E BIG

In particular E has Es ring str

2 By the fact

1 HomE E F A iso in FGLn k.F AYm.it
where e Ex A cts at deg o F E k2 Fzl m max

ideal in Ao

I follows that Ant E E Ant k.F 6


